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Abstract-The N-soliton solutions of the Korteweg-deVries (KdV) and Boussinesq equations with 
a source are obtained explicitly by using the bilinear transformation method. Also, the interactions 
of two-soliton solutions are studied, and the explicit forms for the one- and two-soliton solutions are 
obtained for the two systems. @ 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The structure of the two-soliton solutions of the KdV equation has recently received considerable 
attention in a series of papers [l]. Moloney and Hodnett [2] showed how to reformulate the two- 
soliton solutions of the KdV equation in such a way that the relationship between the peaks of 
the solution becomes transparent. They analyzed the structure during interaction peaks of the 
two-soliton solutions of the KdV equation [3]. Al so, they generalized the result derived for the 
two-soliton case to the N-soliton case [4]. Recently, Matsuno [5] used the bilinear transformation 
method to obtain a bilinear Backlund transformation for the KdV equation with a source term. 
Also, a new class of coupled soliton equations in two dimensions, one spatial and one temporal, has 
been proposed. These describe the interaction of a wave-packet of short waves with a single long 
wave on the zy plane. It has also been shown that the proposed system of equations includes as 
special cases, various known physical equations. Let us here consider a class of soliton equations 
in (2 + 1) dimensions 
where r+!~ = $(z, y, t) and $J = 4(x, y, t; k) are assumed to be real and complex functions, respec- 
tively, k is a real parameter, and v(k, t) is a given real function. This system describes, physically, 
the interaction of a wave-packet of short waves 4 with a single long wave + on the xy plane. The 
integral over k in (la) represents the effect of a wave-packet. When C$ = 0, then (1) reduces to 
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the Kadomtsev-Petviashvili (KP) equation. The boundary conditions for $J and 4 are specified 
as 
?I, -+ 0, as 1x1 -+ 00, with fixed y, (2a) 
4 = 40(k,t) exp [i (JJX + k2y)] , aSX--+-00, (2b) 
where ~$0 is a given function of k and t. If we neglect the y-dependence, then system (1) reduces 
to the Korteweg-deVries (KdV) equation with a source. This system has already been shown to 
be integrable by means of the inverse scattering method [6]. Here, we shall be concerned with 
the construction of soliton solutions. The method employed here is the bilinear transformation 
method [7,8]. In this method, a given nonlinear equation is rewritten into the bilinear equation 
by special transformations of the dependent variables. Then, the N-soliton solutions can be 
constructed which satisfies the bilinear equation. This method is due to Hirota [8]. He showed 
that the bilinear form of the classical Boussinesq equation is transformed into the nonlinear 
Schrodinger equation which admits dark-soliton solutions [9], and he obtained the N-soliton 
solution [lo]. Also, Nakamura uses the Hirota bilinear method and derived the exact solution 
to the spherical Boussinesq equation [ll]. The N-soliton solutions of the KdV equation and 
Boussinesq equation with a source term are constructed in Sections 2 and 3, respectively. Also, 
the interaction of two soliton solutions are studied for the systems. 
2. N-SOLITON SOLUTION FOR 
KDV-SCHRijDINGER EQUATION 
For 
C#J = uexp (ik2y) , 
and if the y-dependence is neglected, then system (1) reduces to [5,12] 
s 
O” $t + RWz + &z, = - dkv(k,t) (b12), , 
--oo 
u,, + (?I + k2) u = 0, 
(3) 
(44 
(4b) 
and the boundary conditions for $J and u are 
1(, -+ 0, as 1x1 + 0% (54 
u = ua exp[ikx], %3X--+-00, (5b) 
where uc = uo(t, k) is a given function. When u = 0, then (4) is reduced to a KdV equation, and 
we call (4) the KdV equation with a source term. This system has been shown to be integrable 
by means of the inverse scattering method (61. 
Let us construct solutions. For this purpose, we introduce the following dependent variable 
transformations: 
$ = 2(ln fN)z%r (6) 
u = us exp[ikx] QN 
fN’ 
(7) 
where fN = fN(x, t) and gN = gN(x, t; k) are real and complex functions, respectively. Substi- 
tution of (6) and (7) into (4) yields the following bilinear equations for fN and gN: 
Dz (ot + @) fNfN = -SW dk4uo12 (k’N12 - f;) , (8) 
--oo 
(@ + 2ikDz) gNfN = 0, (9) 
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where the bilinear operators D, and Dt are defined by 
We have found the N-soliton solutions of (8) and (9) as follows [5]: 
with 
rlj =2pix-8p;t+&(t)+6,, j = 1,2 ,...) N, (13) 
<j(t) = p.j s s t fit’ O” &Y (k t’) I40 (k ,‘)I2 Ic2+p; ’ j=1,2 ,...) N, 0 -m (14) Pj -pk 2 exp(Ajk) = ~ 
[ 1 pj+pk ’ 
Ii? + ipj 
exp(icuj) = -, 
k - ipj 
j,k=1,2 ,..., N, jfk, (15) 
j = 1,2 ,..., N, (16) 
where pj are real parameters, Sj are real phase constants, and cIL=o,I indicates the summation 
over all possible combinations of ,LL~ = 0, 1, ~2 = 0, 1, . . . , PN = 0,l. 
Explicitly for N = 1, equations (11) and (12) read as 
fi = 1 + exp(nr), 
91 = 1 + exp(nr + ior). 
Hence, $I and u are given by using (6) and (7) in the form 
1c, = 2p2 1 sech2 3 
2’ 
u = uoe 
ikr 1 + exdvl + 6) 
1+ fw(n) ’ 
(17) 
(18) 
(19) 
(20) 
and for N = 2, equations (11) and (12) reduce to 
f2 = 1 $- exP(771) + eXP(l.lz) + exp(vr + q2 + A12), 
Q2 = I+ exP(Vr + ioi) + exp(v2 + ia2) + exp[nr + v2 + i(or + 02) + A12]. 
(21) 
(22) 
Then, II, and u are in the form 
+ = 2 { [4P? exp(rll) + 4pi exp(v2) + 4(p1 - p2)2 exp(vl + 772) + 4 (P; exp(w) + pf(q2) 
+ (PI + ~2)~) exP(% + 712 + Ad] / [U + exdvd + exp(q2) + exp(ql + 712 + -412))~] }, (23) 
u = uc exp(ikx) 1 + exP(% + ioi) + eXP(rlz + i%) + exp(qr + n2 + i(ar + o2) + Ar2) 
1 + exP(rlr) + exp(%) + exp(nr + 712 + A12) 
, (24) 
where ~1 and r/s can easily be obtained from (13). 
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We set 
3. N-SOLITON SOLUTION 
BOUSSINESQ-SCHRiiDINGER 
E=x+t, rl = Y7 7= 
OF THE 
EQUATION 
t, (25) 
and neglect the r-dependence. Then, equation (1) is transformed into the form 
(264 
G’6b) 
and the boundary conditions for II, and C$ are 
Since, when r$ = 0, equation (26a) is reduced to a Boussinesq equation, we call it the Boussinesq 
equation with a source term. 
Let us construct solutions. For this purpose, we introduce the following dependent variable 
transformations: 
ti = Wn fN)st, (28) 
4 = $0 exp [i (& + k277)] E, (2% 
where f~ = fiv(E, rl) and gN = gNt& rl; k) are real and complex functions, respectively. Substi- 
tution of (28) and (29) into (26) yields the following bilinear equations for fN and gN: 
(DE2 - 30: + D{) fife = - Srn dkv (1401~) (bNi2 - f&) , (30) 
-cm 
iD,gN.fN = (Ds” + 2ikQ) gNfN, (31) 
where the bilinear operators De and D, are defined as above. We have found the N-soliton 
solutions of (30) and (31) as follows: 
fN = c eXP gPj<j i- 1 
{ 
PjPkBjk 7 
/Go,1 j=l l<j<k<N 1 
l?N= c exP epj(&+ipj)+ c 
p=O,l j=l l<j<klN 
(32) 
(33) 
with 
Cj = (4j + $) 5 - i (d - q;“) 71+ sj, j=1,2 N, I * * . 9 (34) 
exp (Bjk) = (% - ‘Jk) ($ - 4;) 
(qj + &;t> ($ + C?k) ’ 
j,k=1,2 ,..., N, j#k, (35) 
k + iqj 
exp (ipj) = - 
k - iq; ’ 
j = 1,2,. . * , N, (36) 
where qj are complex parameters, the real parts of which are positive, Sj are real phase constants, 
the asterisk denotes the complex conjugate, and ‘&=o,I is as indicated before. 
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Then, for N = 1, equations (32) and (33) reduce to 
f~ = 1+ exp(G), 
91 = 1+ exp(C1 + @I). 
Hence, 1c, and 4 are given by use of (28) and (29) in the form 
$ = i (41 + q;)2 sech 2 (1 Y, 
1429 
(37) 
(38) 
(39) 
(40) 
and for N = 2, equations (32) and (33) take the form 
f2 = 1 + exp(<l) + exp(<22) + exp(<l + C2 + AZ), (41) 
Q2 = 1+ exdll + @l) + exp(C2 + iP2) +exp[<1 + C2 + i(pl + p2) + B12]. (42) 
Thus, II, and 4 are found to have the form 
ti=2{[( 41 + q;)2 exp(G) + (42 + cQ2 exp(<2) + (ql - q2 + q; - q2*)2 exp(cI + c2) 
+ (41 + c72 + 4; + 4j2 w-$6 + C2 + B12) + (q1 + q;)2 exp(cl + 2c2 + B12) 
+ (q2 + qf)2exP(2Ci + <2 + B12)] / [(I + exp(<l) + exp((2) +exp(<l + C2 + B12))2]}, (43) 
4 = 40 exp (i (kE + k2q)) 
x 1+ exdC1 + @I) + exp(C2 + i/32) + exp(Cl + C2 + i(p1 + p2) + B12) 
1+ exp(Cl) + exp(C2) + exp(b + (2 + B12) 
7 (44) 
where <I and <2 can easily be obtained from (34). 
We note here that the functional form (19) is the same as that of the one-soliton solution [13] of 
the KdV equation, and the functional form (39) is the same as that of the one-soliton solution [14] 
of the Boussinesq equation, the only difference being the position of the soliton. The solutions (20) 
and (40) represent a soliton of dark type in the two cases. Also, the functional form (23) is the 
same as that of the two-soliton solutions [15] of the KdV equation, and the functional form (43) 
iS the same of the two-soliton solutions [14] of the Boussinesq equation. The interaction of higher 
solitons can be obtained by use of (ll)-( 16) and (32)-(36) for the KdV and Boussinesq equations, 
respectively, and it is found that the N-soliton solutions evolve asymptotically as t -+ &cc into N 
plane-wave-like solitons. However, the dynamics of solitons is different, from those of the usual 
KdV and Boussinesq solitons due to the coupling between ?I, and 4. 
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